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This paper describes the ﬂuid mechanics within a box containing a vertical plane
distributed source of buoyancy. A theoretical analysis is presented that models the
development of plumes from such sources in an unconﬁned ambient of uniform
density. Two extensions are considered. The ﬁrst concerns a sealed box and the
second involves the more general situation where the box is ventilated by openings
at top and bottom. In the sealed box the stratiﬁcation develops in much the same
way as for a ‘ﬁlling box’ containing a single-point source of buoyancy on the ﬂoor.
An initial front descends from the ceiling of the box and an asymptotic stratiﬁcation
eventually develops which is continuous in the vertical direction. In the case of
the ventilated box it is found that a complex stratiﬁcation develops where one or
more horizontal intrusions are formed by detachment of the plume/boundary layer
from the vertically distributed source where the buoyancy of the plume is less than,
or equal to, that of the stratiﬁed ambient at a given height. Experimental results
are presented to demonstrate the validity of the theory. The ﬁndings are relevant
to both forced and naturally ventilated buildings containing non-adiabatic vertical
surfaces.

1. Introduction
The ‘ﬁlling box’ problem has received considerable attention in the past because of
its relevance to many industrial, domestic and geophysical ﬂuid ﬂows. The problem
is to determine the time-dependent stratiﬁcation resulting from a continuous supply
of buoyancy in an enclosure. Baines & Turner (1969) were the ﬁrst to carry out a
fundamental investigation of the time-dependent stratiﬁcation resulting from a point
source of buoyancy located on the ﬂoor of a sealed enclosure. They developed a
mathematical model based on the plume theory presented by Morton, Taylor &
Turner (1956) which was extended by others including Worster & Huppert (1983)
who obtained an analytic solution for the transient development of the density ﬁeld
using a linear approximation to the local buoyancy ﬂux in the plume. Germeles
(1975) developed a numerical procedure to model the mixing of liquids during the
ﬁlling of tanks by forced plumes and, more recently, Wells, Griﬃths & Turner
† Email address for correspondence: pcooper@uow.edu.au
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Figure 1. Schematic of (a) development of a plume from a plane vertical distributed source
of buoyancy in a box with top and bottom vents of areas, at and ab , respectively; (b) position
of the ﬁrst density front at times t1 and t2 (t2 > t1 ) and the corresponding density proﬁles in
the plume and the ambient ﬂuid (not to scale).

(1999) investigated the situation where the stratiﬁcation within a closed space is
generated by competing localized and horizontally distributed sources of buoyancy.
The steady-state case of an enclosure containing a single-point source of buoyancy
was investigated by Linden, Lane-Serﬀ & Smeed (1990). Subsequently, their work
was extended to cover two-point sources (Cooper & Linden 1996) and multiple-point
sources (Linden & Cooper 1996).
The present work deals with the stratiﬁcation that develops in a conﬁned space
from a vertically distributed source of buoyancy, as shown schematically in ﬁgure 1,
where a rising boundary layer, or plume, develops adjacent to the source. The
primary motivation for our research arises from the need to understand the air
ﬂow in naturally and mechanically ventilated buildings and to predict the thermal
stratiﬁcation in ventilated spaces which contain vertical surfaces that are heated or
cooled. This is a research topic that has considerable practical signiﬁcance (Linden
1999), particularly, as building designers and architects have not previously had a
means of estimating thermal stratiﬁcation in these situations. Practical applications
include rooms with vertical surfaces heated by incident solar radiation or with surfaces
cooled by heat transmission to adjacent spaces or the exterior.
The vertically distributed source of ﬁgure 1 leads to a displacement ventilation ﬂow
which is similar in nature to that generated by a point source of buoyancy in a sealed
or a ventilated box. However, one of the key features of a vertically distributed source
in a ventilated box is that the nature of the density ﬁeld that develops within the box
means that it is possible for the boundary layer or plume adjacent to the source to
detach from the source and to form one or more horizontal intrusions into the local
ambient where the plume becomes less buoyant than the local ambient ﬂuid as it
rises. Above this point of detrainment a new plume forms due to the injection of
buoyancy from the source over the entire height of the enclosure. A similar situation
is observed when a bubble plume rises through a stably stratiﬁed environment as
discussed by McDougall (1978). If the ambient stratiﬁcation is suﬃciently strong then
the ﬂuid entrained into the bubble plume may cease to rise at a given height and will
form an intrusion into the ambient. However, the column of bubbles will continue to
rise and a new plume forms immediately above the intrusion. This behaviour is not
possible in the case of a plume from a point source of buoyancy, which will simply
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cease to rise when it reaches the height of neutral buoyancy and form a horizontal
intrusion as described by Morton et al. (1956).
The steady-state density ﬁeld established by a vertically distributed source in a
naturally ventilated enclosure was modelled by Linden et al. (1990). They assumed
the plume, or boundary layer, adjacent to the vertical source to be fully turbulent, and
postulated that the requirements for conservation of volume and buoyancy ﬂuxes must
lead to the development of a stable steady-state stratiﬁcation comprising a number
of fully mixed layers of equal depth h. The plume was assumed to detrain and form
intrusions at the density interfaces between the fully mixed layers and to start anew
at each of these levels. However, the saline solution experiments of Linden et al.
(1990) showed only weak evidence of this layering as did the experiments of Chen,
Li & Mahoney (2001) in their study of a vertically distributed source of bubbles in a
naturally ventilated enclosure. Sandberg & Lindstrom (1987) used resistance heating
in air to model the ﬂow produced by a heated vertical cylinder extending from
ﬂoor to ceiling in a non-insulated model. They observed thermal boundary layers
on the sidewalls of the enclosure and also detrainment from diﬀerent levels of the
distributed line plume which gave rise to an almost linear variation in temperature
in the upper layer. In the present work, we have taken a more comprehensive and
rigorous approach to both the theoretical and experimental modelling of the situation
ﬁrst considered by Linden et al. (1990).
2. The theoretical model
The geometry of the problem is shown schematically in ﬁgure 1 where a plane
vertically distributed source of buoyancy of width L is located on one wall of a
box of height H and uniform horizontal cross-sectional area A. The source emits a
buoyancy ﬂux Φ per unit area and zero ﬂuxes of volume and momentum. A plane
turbulent boundary layer, or plume, develops on the wall and forms a buoyant layer
at the top of the box. The box may be sealed, mechanically ventilated with a ﬁxed
ventilation ﬂow or naturally ventilated. We ﬁrst consider how the plume from such a
buoyancy source develops in an unconﬁned environment.
2.1. The plume/boundary layer equations
Here we adopt an approach to the modelling of the two-dimensional plume which
is similar to that of Morton et al. (1956) for point sources of buoyancy. Eﬀects
of the source on the development of the boundary layer, other than those directly
associated with the supply of buoyancy, are neglected. In particular, viscous eﬀects
in the boundary layer adjacent to the vertical surface and the height of the laminar
portion of the boundary layer near the leading edge (at z = 0) are assumed to be
negligible. In a fully turbulent natural convection boundary layer, the eﬀect of the
presence of the wall on the bulk properties of the plume is very minor. From the
experimental results of Vliet & Liu (1969) on velocity proﬁles in turbulent natural
convection boundary layers adjacent to uniformly heated plates, it can be seen that
the region adjacent to the wall where the velocity is appreciably reduced by viscous
eﬀects accounts for less than 0.25 % of the total volumetric ﬂow in the boundary
layer. Moreover, for fully turbulent natural convection boundary layers the Grashof
number, a measure of the ratio of buoyancy forces to viscous forces, is very large
( > 109 ). For such situations the assumption that the inﬂuence of viscous forces is
small is therefore appropriate and from here onward we refer to the boundary layer
as a plume. We also assume that the entrainment assumption is valid, i.e. the ratio
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between the horizontal velocity of ﬂuid entrained into the plume and the mean vertical
velocity w in the plume is constant, and we denote this entrainment constant as α.
Thus, the equations representing the conservation of the ﬂuxes of volume,
momentum and buoyancy in the plume per unit horizontal width of source are
as given below. These incorporate the usual Boussinesq and entrainment assumptions
(Linden 1999) and make use of ‘top-hat’ proﬁles to represent the plume vertical
velocity and buoyancy with respect to the local ambient, the latter denoted by
 = g(ρe − ρ)/ρ1 , where ρ(z) is the density of the plume, ρe (z) is the density of the
ambient ﬂuid and ρ1 is a reference density:
d(bw2 )
d(bw)
∂e
d(bw)
= αw,
= b − ε and
= bw
+ Φ,
(2.1)
dz
dz
dz
∂z
where b is the width of the plume, e = g(ρe − ρ1 )/ρ1 is the buoyancy of the ambient
ﬂuid and ε represents the inﬂuence of wall shear stress, which is assumed to be
negligible in the situation at hand, as discussed above. For convenience, (2.1) may
be rewritten in terms of the volume ﬂux, Q = bw, momentum ﬂux, M = bw2 and
buoyancy ﬂux, F = bw, per unit width of the plume as follows:
dQ
M
=α ,
dz
Q

dM
QF
=
dz
M

and

dF
∂e
=Q
+ Φ = −QN 2 + Φ,
dz
∂z

(2.2)

where N is the buoyancy frequency of the ambient ﬂuid.
2.2. Plume in a uniform ambient
A similarity solution of (2.2) exists in the case of a uniform ambient where N 2 ≡ 0
and therefore F = zΦ. This solution is given by
⎫
 1/3
 2/3
3 4
3 4
⎪
2/3 1/3 4/3
1/3 2/3 5/3
Q =
α Φ z ,
M=
α Φ z , ⎪
⎬
4 5
4 5
 1/3
 1/3
(2.3)
⎪
4
4 5
−2/3 2/3 −1/3
−1/3 1/3 1/3 ⎪
α
Φ z
,
w=
α
Φ z .⎭
 =
3 4
5
The form of these equations is similar to that for point or line source plumes (e.g.
Linden et al. 1990). The volume ﬂux of the vertically distributed source plume, for
example, has a somewhat stronger dependency upon elevation z than is the case for
the two-dimensional (horizontal) line plume wherein Q is directly proportional to the
height above the source. Whereas the volume ﬂux in an axisymmetric point source
plume is proportional to z5/3 , for a vertically oriented line source axisymmetric plume
it is proportional to z2 (Linden et al. 1990).
2.3. The sealed ﬁlling box
Our analysis follows a similar path to both Baines & Turner (1969) and Worster &
Huppert (1983). We assume that the ﬂow in the plume is two-dimensional and fully
turbulent over the entire height of the buoyancy source (from z = 0 to z = H ), that
the ﬂuid within the box is initially uniform and quiescent and that the horizontal
cross-sectional area A of the box is constant with height. In practice, the plume
will act as a ‘starting’ plume immediately after activation at t = 0, however, for
present purposes the plume is assumed to be adequately described by (2.1) for t > 0.
The passive (perfectly insulating) walls of the box are assumed to have no viscous
eﬀect on the ﬂow, the eﬀect of the aspect ratio of the box (H L/A) on the ﬂow
ﬁeld is neglected and we assume that the plume continually lays down a thin layer of
buoyant ﬂuid at the top of the box, i.e. there is no overturning (Baines & Turner 1969;
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Kaye & Hunt 2007). Following Baines & Turner (1969) and Worster & Huppert (1983)
we assume that molecular diﬀusion can be neglected and that changes in the ambient
stratiﬁcation are suﬃciently slow that ﬂow within the plume may be represented by
(2.2), i.e. that the aspect ratio of the box is small and the ﬂushing time scale for
the box is much greater than the time for the plume to rise through the box, i.e.
(4/3)A/(αLH )  1 (cf. Bolster & Caulﬁeld 2008). The development of the buoyancy
ﬁeld is then given by
∂e
L ∂e
=Q
.
(2.4)
∂t
A ∂z
To arrange the governing diﬀerential equations in their simplest non-dimensional
form the following variables are deﬁned as:

ζ = zH −1 , τ = α 2/3 H 1/3 LA−1 Φ 1/3 t, δ = α 2/3 H 1/3 Φ −2/3 e ,
(2.5)
f = H −1 Φ −1 F, q = α −2/3 H −4/3 Φ −1/3 Q, m = α −1/3 H −5/3 Φ −2/3 M.
Here the fundamental time scale chosen to characterize the transient development
of the ﬂow is the ﬂushing time, i.e. the time for the plume ﬂow at the top of the
box (originally containing ﬂuid of uniform density) to displace a volume of ﬂuid
equivalent to that in the box. The governing equations for the ﬁlling box are then
dq
m
= ,
dζ
q

dm
qf
=
,
dζ
m

df
∂δ
=q
+ 1 and
dζ
∂ζ

∂δ
∂δ
=q .
∂τ
∂ζ

(2.6)

The buoyancy of the ‘ﬁrst front’ of ﬂuid δ0 laid down by the plume at t = 0 is equal to
the buoyancy of the plume arriving at the ceiling of the box. The ﬂow of the plume
in the uniform ambient below the ﬁrst front is therefore given by
 1/3
 2/3
4
3
3 4
ζ 4/3 and m =
ζ 5/3 .
(2.7)
f = ζ, q =
4 5
4 5
It follows that the ﬁrst front descending through the ﬁlling box has a buoyancy given
by
 1/3
f
4 5
=
≈ 1.436,
(2.8)
−δ0 =
q ζ =1 3 4
and the position of this ﬁrst front ζ0 is determined from the conservation of volume
in the box as a whole such that
 1/3
dζ0
3 4
ζ04/3 ,
(2.9)
= − q ζ0 = −
dτ
4 5
which may be integrated to give ζ0 = [1 + ( 14 )( 45 )1/3 τ ]−3 . In terms of dimensional
parameters, the height of the ﬁrst front above the base of the box is therefore
−3
 1/3
z0
1 4
2/3
−1 1/3 1/3
= 1+
α LA H Φ t
.
(2.10)
H
4 5
Thus, the time scale associated with the ﬂow is t ∗ ∼ AH −1/3 Φ −1/3 L−1 .
Both Baines & Turner (1969) and Worster & Huppert (1983) invoked the
assumption that as τ → ∞ the additional buoyancy from the source added over
a small period of time is distributed uniformly throughout the box. The density
of the stratiﬁed ﬂuid then changes linearly with time which leads to the condition
∂δ/∂τ = −1. However, in the present problem, the form of f∞ (ζ ) is not obvious
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Figure 2. Development of the non-dimensional ambient density ﬁeld δ, local plume buoyancy
ﬂux f relative to the ambient and volume ﬂux q in a sealed ﬁlling box containing a vertical
plane distributed source of buoyancy with increasing time τ .

since the boundary conditions require that f (1) = f (0) = 0 and the present authors
have resorted to a numerical solution of the governing equations. The transient
development of the stratiﬁcation was therefore determined by the solution of (2.6)
using a numerical scheme similar to that of Germeles (1975). The density of the
ambient ﬂuid in the box δ as a function of ζ and τ was determined by tracking the
position of elements leaving the plume at the top of the box where the plume delivers
ﬂuid to the ambient. The time step between calculations of plume and ambient ﬂuid
velocities and densities was set dynamically to ensure that the maximum vertical
change of position of any element in the ambient ﬂuid was held below a prescribed
maximum (ζmax < 10−3 ).
The evolution of the density ﬁeld shown in ﬁgure 2 is similar to that for the ﬁlling
box with a point source of buoyancy as reported by Baines & Turner (1969) and
Worster & Huppert (1983). The buoyant layer increases in depth, maintaining the
ﬁrst front buoyancy step δ0 . The buoyancy ﬂux in the plume increases linearly with
respect to ζ (ﬁgure 2) in the original ambient ﬂuid. At ζ = ζ0 there is a step change
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in f as the plume passes through the ﬁrst front. The volume ﬂux in the plume at a
given height decreases monotonically with time (ﬁgure 2) and the asymptotic state
(as τ → ∞) of the system as a whole is one where vertical velocities tend to zero.
2.4. The ventilated ﬁlling box
The governing equations of § 2.3 also apply with some modiﬁcation when the box is
ventilated by either natural or forced displacement ventilation as shown schematically
in ﬁgure 1. In the natural ventilation situation a buoyant layer is formed in the
upper part of the box by the distributed source which drives a volume ﬂow rate
Qvent per unit width of source through the upper and lower vents of areas at and
ab , respectively. We assume the ventilation ﬂow (e.g. through the base vent) does not
aﬀect the dynamics of the rising plume or mix with the developing stratiﬁcation. We
can then use an approach similar to that of Linden et al. (1990) and the magnitude
of the natural ventilation ﬂow is determined from the balance between the volume
integrated buoyancy of the stratiﬁed layer and the pressure losses due to the ﬂow
through the vents such that
 H
1/2
A∗
Qvent =
e dz
.
(2.11)
L
0
The ‘eﬀective vent area’ A∗ is deﬁned in Cooper & Linden (1996) as
−1/2
A∗ = 21/2 cd at ab (cd at )2 /c + ab2
,

(2.12)

where c is the pressure loss coeﬃcient associated with the inﬂow through a sharpedged opening and cd is a discharge coeﬃcient that accounts for the vena contracta
arising at the downstream side of the sharp-edged upper vent. In terms of the
dimensionless variables (2.5) the ventilation ﬂow rate is therefore
1/2
 1
A∗
δ dζ
,
(2.13)
qvent =
αH L
0
and the development of the buoyancy ﬁeld (cf. (2.6)) is then given by
∂ζ
∂δ
= (q − qvent ) .
∂τ
∂ζ

(2.14)

This represents an integral constraint on (2.6) where A∗ /(αH L) is a non-dimensional
vent area that determines the stratiﬁcation within the box and is similar to A∗ /H 2
for the case of a ventilated ﬁlling box containing a point source of buoyancy (Linden
et al. 1990). One major diﬀerence between the sealed and ventilated ﬁlling boxes is
that in the ventilated case a steady-state stratiﬁcation will eventually be reached, since
the buoyancy ﬂux supplied by the source is lost through the top vent.
It is possible under some circumstances for the plume to have a buoyancy less
than or equal to that of the local ambient ﬂuid at a given height in the ventilated
ﬁlling box, as a result of the strongly stratiﬁed ambient layer of ﬂuid in the top of
the box (as discussed by Linden et al. 1990). This situation may occur under either
transient or steady conditions. The plume will then cease to rise as it is forced to
‘detrain’ from the vertical wall and must spread horizontally to form an intrusion into
the ambient somewhat above the neutral buoyancy height, i.e. in a manner similar
to that of a plume from a point source rising in a stratiﬁed environment, which will
reach its neutral buoyancy height and form a horizontal intrusion (Morton et al.
1956). Assuming that the entire plume detrains at this height then a new plume must
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start immediately above the intrusion due to the continuous addition with height of
buoyancy ﬂux from the source.
This ‘detrainment’ of the plume does not occur in the case of a plume from a singlepoint source of buoyancy on the base of a ventilated box. A point source will generate
a plume that rises through the ambient ﬂuid until it reaches the interface between the
ﬂuid at external ambient density (which has entered via the lower opening of the box)
and the buoyant layer, fed by the plume, in the top of the box. Under steady-state
conditions the local buoyancy of the plume at the interface is equal to that of the
buoyant layer above and hence the plume mixes completely and the homogeneity of
the upper layer is maintained. Indeed the ﬂuid from the plume reaches the top of the
box by virtue of its vertical momentum at the interface. It is only under transient
conditions that the plume from a point source is prevented from rising to the top of
the box, an example being when the buoyancy ﬂux of the source is decreased at some
point in time after steady state has been reached. The plume will then form a new
layer of ﬂuid beneath the buoyant layer in the top of the box (Bolster & Caulﬁeld
2008). However, in the present situation buoyancy ﬂux is added continuously from
the distributed source at all elevations in the box. This leads to the possibility that the
buoyancy ﬂux added in upper regions of the box results in a stratiﬁcation suﬃciently
intense that the plume will be unable to penetrate the upper layers of ambient ﬂuid
and must detrain.
Linden et al. (1990) ﬁrst considered the case of a vertically distributed source in a
ventilated box. Subject to a number of idealizations, they postulated that ‘at any level
where the volume ﬂux in the plume is not equal to the volume ﬂux out of the box
there must be vertical motion exterior to the plume, and for the state to be steady
ﬂuid elements exterior to the plume must move along surfaces of constant density
(assuming diﬀusion to be negligible)’. Thus, a ﬁnite number of fully mixed layers
must develop, with n sharp density interfaces between. Here we apply the model of
Linden et al. (1990) to the present case of a plane, vertically distributed source and an
analytical solution for the stratiﬁcation may be found if it is assumed that the depth
of the uppermost buoyant layer is the same as the depth ζ of the lower layers. The
non-dimensional local buoyancy ﬂux f and volume ﬂux q at each interface are then
given by (2.7). The buoyancy change δ across each interface is
 1/3
4 5
(n + 1)1/3 ,
(2.15)
δ =
3 4
and the relationship between the number of interfaces and the discrete values of
non-dimensional vent area for this special case is as follows,
 3  ∗ 2
4
5
A
1
=
.
(2.16)
3
4 αH L
n(n + 1)3
2.5. Numerical model of a ventilated ﬁlling box
The general case of transient development of the stratiﬁcation in a ventilated box was
determined by a numerical solution of (2.6) and (2.4) following a similar methodology
to Germeles (1975), either for forced ventilation by prescribing qvent or for natural
ventilation by assuming a given value of non-dimensional vent area A∗ /(αH L), and
incorporating the integral constraint (2.14). In addition, an algorithm was developed
to allow the plume to form one or more horizontal intrusions in any horizontal plane
within the box where the local ambient ﬂuid density was equal to or less than that
in the plume. In the event of an intrusion forming, the plume volume, momentum
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and buoyancy ﬂuxes in the numerical scheme were set to zero immediately above this
point and a new plume started. It was assumed for the purposes of this simulation
that an intrusion spread instantaneously throughout the appropriate horizontal plane
in the box and that the depth of the intrusion outﬂow was negligible. The numerical
scheme then modelled the increase in depth of the intrusions with time through the
conservation of volume throughout the box.
A key ﬁnding from our initial work was that the type of multi-layered steady-state
stratiﬁcation postulated by Linden et al. (1990), which comprises a number of fully
mixed layers of equal depth, is not physically possible as it is inherently unstable with
respect to small perturbations in plume ﬂow or ambient stratiﬁcation. This arises
from the implicit assumption in the theory of Linden et al. (1990) that the buoyancy
is uniform across the plume width at a given height and thus all the ﬂuid which
forms an intrusion at a point of detrainment must be of that same buoyancy. For
example, consider the case where A∗ /(αH L) = 0.1097. The multi-layer stratiﬁcation
predicted by (2.15) and (2.16) would result in the plume detraining at ζ = 0.25 to
form a buoyant layer, of uniform density, from 0.25 6 ζ 6 0.5. Should a small increase
occur in the local buoyancy of the plume arriving at ζ = 0.25 then the plume would
pass through the entire (uniform) buoyant layer above and detrain at ζ = 0.5 where
a new intrusion would form with a buoyancy somewhere between the buoyancy of
the layers above and below. This in turn would aﬀect the stratiﬁcation above this
level. Thus, the stratiﬁcation in the box would be unsteady if the plume is assumed to
detrain with a single, i.e. inﬁnitesimally small range of, buoyancy even after signiﬁcant
time has elapsed (e.g. τ > 100), a fact conﬁrmed by our initial numerical modelling.
In reality, the plume has a non-uniform buoyancy proﬁle with respect to width at
a given height. It follows that parcels of ﬂuid from the plume with higher buoyancy
would be neutrally buoyant at higher elevations, and thus would detrain at higher
elevations. This in turn results in the intrusion having a ﬁnite depth. We have therefore
developed a more realistic numerical model of the detrainment process whereby the
plume detrains with a ﬁnite range of buoyancy and forms an intrusion of ﬁnite depth
in the ambient. Our development of the associated numerical model was informed by
previous work on plumes developing in stratiﬁed environments from both point and
linear sources of buoyancy (e.g. Morton et al. 1956). Of particular relevance is the
work of Baines (2002) on the development of a two-dimensional plume adjacent to a
vertical wall in a stratiﬁed environment. Baines carried out experiments to quantify the
non-dimensional depth of penetration of the plume and he developed a theoretical
framework for modelling the development of the plume using a non-dimensional
buoyancy parameter and the local plume Richardson number to characterize the
properties of the plume. Baines’ model was veriﬁed by his saline solution experiments
where the negatively buoyant two-dimensional plume was found to descend to, and
then pass through, the depth at which it was neutrally buoyant with respect to the
ambient whereupon it ‘sprang back’ to form a horizontal intrusion of ﬁnite thickness.
As in the case of Baines’ work, the thickness of the intrusions in the present study
are, in principle, a function of the local Richardson number, ambient ﬂuid buoyancy
frequency, plume width, etc.
For present purposes our requirement was to overcome the unrealistic instability
of the model of Linden et al. (1990) and to develop a simple model of a detraining
plume such that at the point of detrainment the plume was assumed to have a
triangular buoyancy proﬁle centred on the mean plume buoyancy at that elevation.
The detraining plume was assumed to form an intrusion with this same buoyancy
proﬁle and to enter the ambient ﬂuid over a ﬁnite depth with a triangular proﬁle of
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horizontal velocity uint with respect to local buoyancy (more complex proﬁles could
be utilized if required). Thus, wherever the rising plume became neutrally buoyant
with respect to the ambient (of local buoyancy δneut ) then the resulting intrusion was
assumed to have a range of buoyancy δint . The diﬀerence between the buoyancy
of ﬂuid at the top and bottom of this intrusion was taken to be a prescribed small
fraction λint of the total diﬀerence in buoyancy between ambient ﬂuid at the top and
bottom of the box, i.e. for all intrusions,
δint = λint (δζ =1 − δζ =0 ).

(2.17)

In the numerical model all the ﬂuid from a detraining plume was assumed to
enter the ambient by incorporating the above reﬁnement to any Germeles (1975)
numerical ambient layers which held ﬂuid within the range of buoyancy of the
intrusion (δneut − δint /2) < δ < (δneut + δint /2). The horizontal detrainment velocity,
uint , within the intrusion was taken to be proportional to the diﬀerence in local
ambient buoyancy and neutral buoyancy, i.e. uint ∝ |δ − δneut |/δint .
Although this choice of an arbitrary depth, or range of buoyancy, of the intrusion
did not capture the complex, and as yet unquantiﬁed, physics of the detrainment
process, it did serve to overcome the limitations of the model of Linden et al. (1990)
and delivered a stable steady-state stratiﬁcation. Importantly it also ensured that the
total buoyancy and volume ﬂuxes entering the stratiﬁed ambient from the detraining
plume were equal to those of our initial zero-depth intrusion model. This scheme
successfully realized our aim of introducing intrusions of ﬁnite depth within the
Germeles (1975) numerical scheme.
2.5.1. Forced ventilation
The implementation of our reﬁned numerical model with ﬁnite intrusion thicknesses
produced a steady-state stratiﬁcation which was stable with respect to small
perturbations to the ambient ﬂuid stratiﬁcation or plume ﬂow. The predicted
stratiﬁcation of the ambient was relatively insensitive to the magnitude of the nondimensional thickness of the intrusions for 0.01 < λint < 0.05. An example of the
results from this modiﬁed numerical scheme with a ﬁnite intrusion thickness is shown
in ﬁgure 3 where the forced ventilation ﬂow rate was ﬁxed at qvent = 0.1097, which is
the ﬂow rate predicted by (2.7) and (2.15) to produce a four-layer stratiﬁcation with
three interfaces. The stratiﬁcation predicted by our reﬁned numerical scheme with a
ﬁnite intrusion depth (λint = 0.02) is compared with the analytical result from (2.15)
and (2.16), following Linden et al. (1990), and with the results of our initial numerical
model with inﬁnitesimally thin intrusions. It can be seen that for this particular
ventilation ﬂow rate the ﬁrst front is predicted to descend to near the steady-state
height of the ambient layer in the bottom of the box (ζ = 0.25) over a period of
τ ∼ 10. Following a period of readjustment, the plume and ambient reach a steady
state, after τ ∼ 50, such that there are two points at which the plume detrains, i.e. at
the top of the ambient layer (ζ = 0.25) and at ζ ≈ 0.7. A relatively smooth change in
buoyancy of the ambient over the height of the box, with the exception of the points
where the plume detrains, is observed as compared to the sharp interfaces between
the fully mixed layers predicted by the model of Linden et al. (1990).
2.5.2. Natural ventilation
Results from the numerical model of stratiﬁcation and plume ﬂow rate in a naturally
ventilated enclosure are presented in ﬁgure 4, where the buoyancy driven ﬂow through
the vents is determined by the integral relation (2.13). The depth of the ambient layer
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Figure 3. Comparison of the predicted ambient stratiﬁcation δ and plume ﬂow rate q in a
ventilated box containing a vertical distributed source with a forced ventilated ﬂow rate of
qvent = 0.1097: (dashed line) following the model postulated by Linden et al. (1990); (ﬁne line)
instantaneous result for τ = 200 using the present numerical analysis with inﬁnitesimally thin
intrusions; (bold line) steady-state result for numerical simulation assuming intrusions of ﬁnite
thickness with relative thickness, δint = 0.02 and τ = 200.

increases with increasing non-dimensional vent area, A∗ /(αH L), as expected. The
relationship between qvent and A∗ /(αH L) predicted by our theory is shown in ﬁgure 5
and may be approximated by qvent = 0.64(A∗ /(αH L))0.62 .
Our experiments described in § 3 were based on the saline solution technique used by
many other researchers. Our vertical distributed source of buoyancy was a permeable
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Figure 4. Ambient stratiﬁcation δ and plume ﬂow q in a naturally ventilated box containing a
vertical distributed source with a range of non-dimensional vent areas, A∗ /(αH L), for τ = 50.

membrane fed by a chamber holding concentrated salt solution. This arrangement
had the advantages that all other walls of the enclosure were eﬀectively ‘adiabatic’
and a much larger Grashof number was achievable than if a thermal experiment
of the same scale had been used. In addition, the ﬂow could be readily visualized.
However, this type of source meant ﬁrstly that a ﬁnite mass ﬂux entered the ambient
from the source and secondly that the buoyancy ﬂux per unit area was not uniform
with respect to height since: (i) the hydrostatic pressure across the membrane varied
with height and (ii) the local buoyancy ﬂux was dependent on the local diﬀerence in
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Figure 5. Naturally ventilated ﬁlling box. Comparison of analytical models and measurements
for steady-state conditions: (dotted line) analytical prediction by Linden et al. (1990) of the
ambient layer depth ζ0 as a function of non-dimensional vent area for a single-point source of
buoyancy on the base of the box; (solid line) numerical prediction from the present study of
the ambient layer depth for a vertically distributed source; (symbols) experimental results for
a vertically distributed source; (dashed line) variation of the steady-state ventilation ﬂow rate
qvent as a function of non-dimensional vent area for a vertically distributed source.

buoyancy of the source and ambient ﬂuids either side of the membrane. Our numerical
model was therefore enhanced to model this practical situation by determining the
mass ﬂux through the membrane, and hence buoyancy ﬂux, as a function of height
knowing the permeability of the membrane.
3. Experiments
In order to validate the model presented in § 2 we chose the well established saline
solution technique (e.g. Linden et al. 1990), rather than thermal experiments, so as
to minimize the complications arising from ﬂow phenomena within the enclosure
that were extraneous to the problem at hand. In particular, the saline solution
technique avoids the diﬃculty of non-adiabatic walls, which, in thermal experiments,
leads to boundary layers or plumes forming on surfaces other than the primary
vertical, distributed source of buoyancy. Moreover, the saline solution technique
facilitated relatively clear visualization of the transient ﬂows and stratiﬁcation within
the enclosure could be measured by determining the spatial variation of electrical
conductivity of the ambient ﬂuid. The signiﬁcant challenge of realizing a distributed
source of buoyancy on one vertical wall of the enclosure using the saline solution
technique was met by employing a sintered polytetraﬂuoroethylene (PTFE) plate,
approximately 0.5 cm thick with a pore size of order 40 μm, which was supplied
by saline solution under low pressure from a header tank. A schematic of the
equipment conﬁgured for a naturally ventilated experiment is shown superimposed
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Figure 6. Annotated digitized image showing a typical naturally ventilated experiment at
t = 30 min. Dye was added to the source salt solution to aid in the interpretation of the density
ﬁeld. The porous wall on the right provided a vertically distributed plane source of buoyancy.
Experimental conditions A∗ = 0.56 cm2 , Φ = 1.5 cm2 s−3 .

on a shadowgraph of a typical experiment in ﬁgure 6. The pore size of the porous
wall was selected so as to provide an appropriate balance between the need for a
low pressure drop across the plate (to avoid distortion and leakage problems) whilst
maintaining a suﬃciently uniform ﬂow rate through the plate with respect to height.
Nevertheless, it was not possible in practice to generate a uniform buoyancy ﬂux
over the whole surface of the source using the porous wall technique, and it should
be noted that signiﬁcant non-uniformity in the volume and buoyancy ﬂuxes through
the plate arose naturally from the increase in hydrostatic pressure across the plate
with increasing depth and from the diﬀerence in density between the source ﬂuid and
ambient ﬂuid on opposite sides of the porous plate.
3.1. Determination of entrainment constant for a vertically distributed plane source
A series of experiments was conducted in a sealed acrylic enclosure of internal
dimensions 25 × 25 × 25 cm to determine whether the entrainment assumption was
valid for the plume developing adjacent to the distributed source and to estimate the
value of the entrainment constant if appropriate. The enclosure was vented through
its upper boundary to allow displacement of ﬂuid due to the entry of a ﬁnite volume
of salt solution through the porous wall. A thin acrylic plate was held between the
porous plate and the interior of the enclosure prior to the start of an experiment. At
the start of each experiment, t = 0s, the gate was carefully raised by hand, resulting in
the development of a plume adjacent to the porous plate almost instantaneously. The
development of the stratiﬁcation in the enclosure was visualized using a shadowgraph
and the location of the ﬁrst front was highlighted by adding a food dye to the source
ﬂuid. Each experiment was recorded using a CCD camera, and digitized images were
generated via a computer and frame grabber image capture system. Processing of the
digitized images was carried out using the image-analysis system DigiFlow (Dalziel
1993) to provide quantitative information on the location of the ﬁrst front. The
position of the ﬁrst front was determined by processing the video recording of each
experiment in such a way that a representative vertical column of pixels within the
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Figure 7. An example of a post-processed, digitized image of an experiment to track the
elevation of the ﬁrst front in a sealed box containing a plane vertical distributed source of
buoyancy. Moving from left to right, each column of pixels in the image above represents
intensities along a single vertical line of the intensity in the pre-processed image at that time.
(The experiments were carried out with a vertical source of negative buoyancy. The image
here has been inverted to match the representation in § 1).

enclosure was extracted from a series of successive images and assembled to provide
a composite image similar to that shown in ﬁgure 7. In this way the position of the
ﬁrst front could be determined accurately as a function of time.
A comparison of the ﬁrst front height as a function of non-dimensional time τ
for six experiments together with that predicted by (2.10) is shown in ﬁgure 8. There
was some variation between experiments in the establishment of the initial buoyant
layer as a result of: (i) diﬃculties in starting the plume consistently and (ii) the initial
transient mixing due to the plume reaching the ﬂoor of the box and the subsequent
gravity current development. Thus, an appropriate oﬀset in τ was made for each
experiment.
An entrainment constant of α = 0.02 was found to give the best least squares ﬁt
of these ﬁrst front elevation data to (2.10) and it can be seen that the entrainment
assumption is approximately valid for non-dimensional time 0 < τ < 2.5. For ζ < 0.2
the entrainment assumption did not appear to hold, most probably because the
boundary layer for small ζ was laminar and thus entrainment in this region was very
substantially less than that in an idealized turbulent plume.
It should be noted that (2.10) is strictly only valid for an ideal source with fully
developed turbulent plume ﬂow over the entire source and with zero mass ﬂux and
uniform buoyancy ﬂux with respect to height at the source, whereas our experimental
method required a non-zero mass ﬂux at the source. Moreover, in practice this mass
ﬂux was not uniform with respect to height due to the variation of pressure drop across
the source membrane resulting from the diﬀerent density proﬁles in the source ﬂuid
and ﬂuid in the enclosure. This in turn led to a non-uniform buoyancy ﬂux through
the membrane with height. To determine how these non-zero and non-uniform mass
and buoyancy ﬂuxes aﬀected the entrainment coeﬃcient deduced from experiments
we modiﬁed our numerical code to model the non-uniform source characteristics.
Using the measured pressure drop coeﬃcient of the source membrane, the known
buoyancy of the source ﬂuid and the hydrostatic pressure applied at the top of
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Figure 8. Position of the ﬁrst front as a function of non-dimensional time in a sealed
enclosure containing a plane vertically distributed source of buoyancy where non-dimensional
time τ was determined assuming an entrainment constant α = 0.02. Tests 1, 2 and 3: source
velocity v0 = 0.05 cm s−1 , Φ = 0.56 cm2 s−3 ; Tests 4, 5 and 6: source velocity v0 = 0.10 cm s−1 ,
Φ = 1.10 cm2 s−3 . (Note that the start times of the experiments have been oﬀset to take
account of the diﬀerent times required for initial development of the plume following manual
raising of the gate adjacent to the buoyancy source at τ = 0).

membrane for each experiment the mass and buoyancy ﬂuxes from the source could
be calculated as a function of height and time. Two examples of the comparison
between this numerical prediction of the height of the ﬁrst front (employing non-ideal
source characteristics) and experiment are shown in ﬁgure 9. It was found that when
the non-zero and non-uniform mass ﬂux through the source was modelled in the
Germeles code, and the upstream portion of the plume was assumed to be laminar
with negligible entrainment, then a value of α ≈ 0.03 provided the best correlation of
the six experiments reported here. This value of entrainment constant is signiﬁcantly
lower than that previously reported for either a plane plume above a horizontal line
source of buoyancy or a wall plume immediately above a horizontal line source, which
is of order 0.08 (e.g. Bloomﬁeld & Kerr 1998; Baines 2002). Thus, it is acknowledged
that there is a degree of uncertainty in the magnitude of our estimated entrainment
coeﬃcient given the limitations of the present experimental apparatus.
3.2. Stratiﬁcation in a box with forced ventilation
The eﬀect of a steady forced displacement ventilation ﬂow on the stratiﬁcation within
the enclosure was then determined using a second acrylic tank measuring 41.2 cm
in height, 15.0 cm in width and 60.0 cm in length where the buoyancy source
formed one of the 15 cm wide walls. The stratiﬁcation in the ambient ﬂuid was
determined by means of an electrical conductivity probe which was mounted on a
computer-controlled traverse and connected to a commercial conductivity meter. The
construction of the probe was similar to that described by Leppinen (1997). The
forced ventilation ﬂow was eﬀected by introducing a ﬂow of fresh water through a
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Figure 9. Position of the ﬁrst front as a function of time in a sealed enclosure containing a
plane, vertically distributed source of buoyancy. Experiments: squares – test 6; diamonds –
test 1: and best ﬁt numerical results (α = 0.03) where the buoyancy source was modelled as
having non-zero mass and buoyancy ﬂuxes that both varied as a function of height due to
changes in applied hydrostatic pressure across the porous source plate with height, and with
the upstream portion of the plume assumed laminar with negligible entrainment.

second porous wall across the top of the tank, the eﬀect of which was to eliminate
any inlet high velocities that would otherwise disturb the stable stratiﬁcation in the
box had the ambient ﬂuid been introduced through pipes or vents.
3.3. Transient development of stratiﬁcation in the ventilated enclosure
Development of the stratiﬁcation in the ambient ﬂuid followed that predicted by the
theory of § 2 qualitatively. Results from a typical transient experiment are shown in
ﬁgure 10. It can be seen that there was no distinct step change in density evident across
the ﬁrst front of the descending buoyant layer. This was due to the mixing observed to
occur when the starting plume reached the bottom of the enclosure at the start of each
experiment. Although there was qualitative agreement between the experiments and
the stratiﬁcation predicted from the numerical model detailed in § 2.5, the experiments
were somewhat variable due in part to the fact that the ﬂow through the porous wall
was very sensitive to the condition of the membrane which was diﬃcult to maintain.
In addition, for many of the experiments it was necessary to maintain the ﬂow rate
of source ﬂuid through the membrane at a value that was comparable to or greater
than the ventilation ﬂow rate of buoyant ﬂuid exiting the enclosure. Nevertheless
the theoretical model appears to give a reasonably quantitative representation of the
stratiﬁcation found in the ambient ﬂuid in practice given the uncertainties associated
with the experiments, as shown for the two examples in ﬁgure 11.
A number of signiﬁcant diﬃculties were faced when attempting to represent the
idealized ﬂow depicted schematically in ﬁgure 1 at the laboratory scale, and these
diﬃculties resulted in diﬀerences in detail between the predicted and experimentally
observed density ﬁelds. Firstly, the upstream portion of any natural convection
boundary layer arising from a real vertical distributed buoyancy source will be
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Figure 10. (a) Development of stratiﬁcation in a typical forced ventilation experiment plotted
as ambient ﬂuid buoyancy e as a function of height and of time in minutes from the start
of the experiment (total forced ventilation ﬂow rate Qvent L = 36.7 cm3 s−1 ; source ﬂow
rate Q0 = 32.1 cm3 s−1 ; source density ρ0 = 1.038 g cm−3 ). (b) Numerical prediction of the
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Figure 11. Comparison of experimental results (symbols) and numerical model (continuous
lines) for two typical steady-state forced ventilation experiments. Approximate ﬂow conditions:
(a) total forced ventilation ﬂow rate Qvent L = 28.8 cm3 s−1 ; source ﬂow rate Q0 = 22.5 cm3 s−1 ;
source density ρ0 = 1.023 g cm−3 ; (b) total forced ventilation ﬂow rate Qvent L = 41.7 cm3 s−1 ;
source ﬂow rate Q0 = 33.7 cm3 s−1 ; source density ρ0 = 1.031 g cm−3 .

laminar and in our experiments this region occupied up to a quarter of the total
height of the source. Secondly, the experiments did not reveal the presence of a
sharp ﬁrst front at ζ0 , which is due to the tendency of the initial buoyant layer
laid down by the plume to overturn as discussed by Baines & Turner (1969) and
Kaye & Hunt (2007). It is also clear that our relatively simple model of detrainment,
whereby the entire plume is assumed to leave the vertical wall to form an intrusion,
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does not account for a number of secondary ﬂow mechanisms. These include the
fact that the density proﬁle across the plume at a given elevation is not uniform and
thus buoyant elements within the plume will reach neutral buoyancy conditions over
a range of heights within the enclosure. It was also observed experimentally that
some ﬂuid immediately adjacent to the vertically distributed source (including the
laminar sublayer) continued to descend beyond the level of the intrusion. Moreover,
the interaction of the plume with sharp changes in the density of the ambient with
respect to height were not modelled, e.g. in respect of mixing and generation of waves
and instabilities. For example, the entrainment of a buoyant layer by an impinging
plume (Kumagai 1984) was not included in our present analysis, however, this could
be added in a similar way to Cooper & Linden (1996).
4. Conclusions
We have examined the stratiﬁcation that develops in an enclosure containing a
vertically distributed source of buoyancy. Both the unventilated ‘ﬁlling box’ case, in
which the enclosure is completely sealed, and the ventilated ‘ﬁlling box’ case, in which
openings at ﬂoor and ceiling level connect the enclosure to an exterior quiescent body
of ﬂuid of uniform density, are considered. The latter case allows a steady-state ﬂow
ﬁeld and stratiﬁcation to be established for either the forced or naturally ventilated
conﬁgurations.
The uniform buoyancy ﬂux from the vertically distributed source of buoyancy drives
a turbulent boundary layer and a new theoretical model of the resulting stratiﬁcation
within the enclosure has been developed by the present authors. This is based on the
assumption that the boundary layer adjacent to the buoyancy source is self-similar
and plume-like, and, thus, the entrainment assumption of Morton et al. (1956) may
be invoked. The system of governing diﬀerential equations has been solved using a
numerical technique similar to that of Germeles (1975). The theoretical predictions
have been validated by comparison with laboratory experiments in a water tank
using saline solutions (injected through a vertical porous wall of the box) as buoyancy
inputs.
For the ventilated ﬁlling box, a vertically distributed plane buoyancy source results
in a stable and complex stratiﬁcation. In contrast to the case of a plume developing
above a point or horizontal line source of buoyancy, a plume developing adjacent
to a vertically distributed source of buoyancy in a ventilated enclosure may attain a
buoyancy less than the local stratiﬁed ambient at a given height. In such a case the
plume will detrain and form a horizontal intrusion.
Linden et al. (1990) postulated that a steady-state stratiﬁcation made up of a
ﬁnite number of distinct, fully mixed layers, each of the same depth, will develop.
However, we believe that this type of stratiﬁcation cannot be realized in practice since
it is theoretically unstable with respect to small perturbations in the ambient density
ﬁeld if the detraining plume is assumed to be comprised of ﬂuid of a single value
of buoyancy (as was the case in the analysis of Linden et al. 1990). Our numerical
analysis has demonstrated that if intrusions resulting from the detrainment of a plume
are assumed to have a ﬁnite range of buoyancy (resulting from the fact that plumes in
practice have non-uniform buoyancy proﬁles) then a steady-state stratiﬁcation within
the enclosure is achieved.
The numerical and experimental results were in qualitative agreement and the
entrainment coeﬃcient for the plume adjacent to the vertical, distributed plane source
was found to be in the range 0.02 6 α 6 0.03 (assuming top-hat proﬁles within the
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plume). However, the authors acknowledge that there remains a degree of uncertainty
in the quantitative value of this constant, particularly since the buoyancy source in
the saline solution experiments necessarily resulted in the delivery of non-uniform
volume and buoyancy ﬂuxes with respect to height. Moreover, the small scale of the
experiments precluded an exact comparison with the theory because of the existence
of a laminar section of the plume adjacent to the vertically distributed source and
because the turbulence generated within the rather small enclosures led to smoothing
of some of the sharp interfaces. It is hoped that future thermal experiments with a
buoyancy source of uniform heat ﬂux will provide a more deﬁnitive validation of the
theory presented here.
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